Abstract. This paper proposes an integrated two-stage model, which consists of one vendor and one buyer for two complementary products. The vendor produces two types of products and delivers them to the buyer in distinct batches. Buyer stocks items in the warehouse and on the shelf. The demand for each product is sensitive to stock levels of both products. A vendor-managed inventory with consignment stock policy is considered. The number of shipments and replenishment lot sizes are jointly determined as decision variables in such a way that total pro t is maximized. The numerical study shows that as complementation rate increases, the quantity of transfers and demand of both products increase. Hence, ignoring the complementation between products leads to the loss of some customers.
Introduction
In the today's competitive market, individual optimization is not pro table; hence, sharing information between supply chain members has become essential. Coordination can decrease supply chain costs and increase sales volume [1] . Supply chain coordination makes management more e cient to encounter real life uncertainty [2] . Literature review of the joint optimization of the vendor and buyer costs was rst started by Goyal [3] . He assumed that the vendor had in nite production rate in presence of lot-for-lot policy. Banerjee [4] developed the model by assuming a nite rate. Goyal [5] generalized the model by relaxing lot-for-lot assumption in which the shipment was delayed until the entire batch was produced. Developing this stream, Jokar and Sajadieh [6] proposed a coordinated two-level model in which the demand was dependent on selling price. Kim et al. [7] developed a threeechelon Joint Economic Lot Sizing (JELS) model for multi-product problem in which manufacturer produced products on the single facility. Sajadieh et al. [8] considered a two-stage supply chain and developed a JELS model with stochastic lead times and shortage in which the manufacturer delivered items to the buyer in equal lots. Ben-Daya et al. [9] and Glock [10] presented a comprehensive review of the JELS problems.
Several authors considered the e ect of di erent parameters on the demand, for instance, stock [11] , price [6, 12] , sales teams' initiatives [13, 14] , and marketing e ort [15] . Most of the managers have recognized the e ect of amount of items on the shelf on customers' demand. In other words, facing large quantities of items leads the customers to buy more. Teng and Chang [16] studied an economic production quantity model for deteriorating items in which demand was sensitive to stock and price. They also considered capacity constraint of shelf. Goyal and Chang [17] proposed an inventory model for a single item with stock-dependent demand and determined transferring and ordering lot sizes. The space limitation of buyer's shelf was considered and the pro t of the buyer was maximized. Sajadieh et al. [11] proposed a coordinated model in which the demand of customers was positively sensitive to the amount of items displayed on the shelf. They showed that the gains from the coordinated model were greater when demand was more sensitive to inventory level. Duan et al. [18] proposed inventory models for deteriorating items with and without backlogging, where demand was sensitive to stock and backlogging was sensitive to the demand backlogged and waiting time. Yang et al. [19] applied three di erent coordination policies to a two-level model for a single item with stock-sensitive demand.
The basic JELS models have been extended in many di erent directions. Some researchers considered JELS models with Vendor-Managed Inventory and Consignment Stock (VMI-CS) policy. Consignment Stock (CS) policy is an agreement in which vendor stores items in the buyer's warehouse, but the items are owned by the vendor and the buyer does not pay any money until the items are sold. Braglia and Zavanella [20] was the rst who considered a JELS model under VMI-CS agreement. Yi and Sarker [21] studied a coordinated model under CS agreement. They considered controllable lead time and capacity constraint and solved their model using hybrid metaheuristic algorithms. Zanoni and Jaber [22] developed a JELS model under VMI-CS policy in which demand was sensitive to stock. They considered a minimum inventory level for the items on the shelf. Wang and Lee [23] corrected the cost function of Zanoni and Jaber [22] and showed the properties of the corrected model. Giri and Bardhan [24] studied a two-level supply chain for single product under CS agreement in which the demand was sensitive to stock. They considered buyer's space limitation and showed its negative e ect on the total cost. Hariga and Al-Ahmari [25] proposed a model with simultaneous consideration of space allocation and lot-sizing in which demand was sensitive to inventory level. They used VMI-CS agreement for a single item and showed that it was more pro Stavrulaki [35] proposed a model for two substitutable products with stock-sensitive and stochastic demand. Two heuristic solution procedures were developed and it was concluded that higher inventory level would lead to more sale. Maity and Maiti [36] developed a multi-deteriorating-item model for complementary and substitutable products. The deteriorating rate was assumed to be constant or stock-dependent. The demand was sensitive to stock and warehouse had limited capacity. Both steady-state environment and transient-state environment were considered. Krommyda et al. [37] considered an inventory model for two substitutable items in which demand of each item was dependent on its stock level and stock level of the other items. They assumed that, in a stock-out situation, the substitutable item could satisfy a particular fraction of demand.
In most of the works in which JELS with VMI-CS agreement has been studied, only one product is considered and none of them consider the relation between products. However, in the real world, the items are not displayed individually and they can a ect each other's demand. Under VMI-CS agreement, vendor owns the items on buyer's side. In this policy, when the items are stored in the buyer's warehouse, vendor incurs capital part of holding cost and buyer is only responsible for the physical part of holding cost. Thus, determination of proper order quantity and number of shipments can signi cantly a ect the vendor and buyer costs. Demands of the complementary products can a ect each other. The stock level of some products a ects not only their own demand, but also the demand of their complementary products. Therefore, neglecting the relation between products under VMI-CS agreement can impose additional costs to the supply chain.
The current paper deals with a coordinated model consisting of a vendor and a buyer. The vendor produces two complementary products and transfers them to the buyer under VMI-CS agreement. Some transferred items are displayed on the shelf and the rest of them are stocked in the buyer's warehouse. The demand of each product is dependent on stock level of both products. The optimal quantity and number of lots transferred from vendor's warehouse to buyer's warehouse and from buyer's warehouse to the shelf are determined. The objective is to determine variables such that total pro t of the system is maximized.
The rest of the paper is organized as follows. Section 2 de nes the problem and describes the notation and assumptions used throughout the paper. Section 3 presents the mathematical model. Section 4 gives a solution algorithm to nd the optimal solution. Section 5 introduces some numerical examples and provides the sensitivity analysis. Finally, Section 6 is devoted to the conclusions and future researches.
Assumptions and notation
The following assumptions and notation are used to develop the proposed model. Figure 1 , the vendor produces both products and delivers items in n vi equalsized batches to the buyer. The buyer transfers n bi equal batches of size q i from its warehouse to the shelf. The capacity of the shelf is limited. The inventory levels of products 1 and 2 are respectively as follows:
The above system of di erential equations is solved with initial conditions I 1 (0) = q 1 , and I 2 (0) = q 2 .
Expanding exponential function in Maclaurin series, keeping the rst two terms, and neglecting the rest, as they have small quantities (see Appendix A), the inventory levels of both products are obtained:
The inventory level at the end of T di is zero; hence, I(T di ) = 0. By solving these equations, T di is obtained as: Figure 1 . Inventory levels of the vendor and the buyer for product i.
The total cost of the supply chain consists of buyer's total cost and vendor's total cost. For each product, the components of the buyer's total cost are as follows:
Ordering cost:
Holding cost at the buyer's warehouse:
The average inventory of the buyer's shelf:
Buyer's holding cost at shelf:
The cost of transferring items from buyer's warehouse to the shelf:
The components of the vendor's total cost for each product are:
Vendor's set-up cost:
Vendor's holding cost:
Therefore, the system's total pro t can be obtained as follows: T P (q 1 ;q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) = u 1 q 1
Substituting Eqs. (5) and (6) into Eq. (14) gives: T P (q 1 ;q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) = u 1 ( Maximize T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 )
Subject to 1 q i C di n bi ; n vi integer: By assuming n vi and n bi as continuous variables, and taking the second partial derivative of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) with respect to n vi for given values of q i and n bi , Eq. (16) is obtained:
Taking the second partial derivative of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) with respect to n bi for given values of q i and n vi yields Eq. (17):
Eq. (16) is negative; thus, T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) is a concave function of n vi for given n bi and q i . Eq. (17) is negative, too; hence, T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) is a concave function of n bi for given values of q i and n vi . The rst partial derivatives of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) with respect to n vi and n bi are taken. By solving:
@T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) @n vi = 0;
and: @T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) @n bi = 0:
Eqs. (18) and (19) are obtained as positive roots as shown in Box I. Using Eqs. (18) and (19), the upper bounds of optimal values of n bi and n vi are obtained. Eq. (18) shows that there is inverse relation between n vi and n bi ; thus, the maximum value of n vi can be obtained at n bi = 1. There is not any obvious relation between n bi or n vi and other variables. Thus, to nd the upper bounds of n vi and n bi , the numerators of Eqs. (18) and (19) are maximized and their denominators are minimized. Therefore, n vi max and n bi max are calculated as shown in Box II, where q i min=1 , q i max = C di , T di max = C di bi+b3+ai and T di min = To nd the optimal solution to Eq. (15), the rst derivative of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) is taken with respect to q 1 for given values of n bi and n vi :
@T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 )
where:
Box I
Box II Due to the complexity of the second derivative of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) with respect to q i , it is not possible to prove the convexity of T P (q 1 ; q 2 ; n b1 ; n b2 ; n v1 ; n v2 ) in q i . Hence, a heuristic technique is developed to maximize total pro t. Substituting R1, R2, and R3 into Eq. (15), single-variable equations are obtained for given values of n bi and n vi . Thus, the problem would be to nd the optimum values for these single-variable equations.
Algorithm
This section proposes an algorithm to obtain the optimal solution to the problem. The optimal value of Eq. (15) with six decision variables can be obtained from the following algorithm:
Step 1: Set integer variables of n bi and n vi equal to 1 and start with initial values of T P opt = 0, n opt v1 = 0, n opt v2 = 0, n b1 opt = 0, n opt b2 = 0, q opt 1 = 0, and q opt 2 = 0;
Step 2: Set q 1 equal to Eq. (B.1); substituting it into Eq. (15) gives a function of q 2 , namely, T P (q 2 ). Take the rst derivative of T P (q 2 ) with respect to q 2 and use b i -section method with an initial interval of [1; C d2 ] to nd the optimal value of T P (q 2 ), i.e., q 2 ;
Step 3: Substitute the point obtained from
Step 2 into Eq. (B.1) to achieve q 1 ;
Step 4: Put q 1 and q 2 obtained in Steps 2 and 3 into Eq. (15). If T P (q 1 ; q 2 ; n v1 ; n v2 ; n b1 ; n b2 ) > T P opt ; set T P opt = T P (q 1 ; q 2 ; n v1 ; n v2 ; n b1 ; n b2 ), q opt 1 = q 1 , q opt 2 = q 2 , n opt b1 = n b1 , n opt b2 = n b2 , n opt v1 = n v1 , and n opt v2 = n v2 . Repeat Steps 2-4 by setting q 1 equal to Eqs. (B.2) and (B.3) and constant values of 1 and 500;
Step 5: Set q 1 = 1 and q 2 = C d2 and put them into Eq. (15). If T P (q 1 ; q 2 ; n v1 ; n v2 ; n b1 ; n b2 ) > T P opt , set T P opt = T P (q 1 ; q 2 ; n v1 ; n v2 ; n b1 ; n b2 ), q opt 1 = q 1 , q opt 2 = q 2 , n opt b1 = n b1 , n opt b2 = n b2 , n opt v1 = n v1 , and n opt v2 = n v2 . Repeat this step for q 1 = C d1 and q 2 = C d2 , q 1 = 1 and q 2 = 1, and q 1 = C d1 and q 2 = 1;
Step 6: Set n b1 = n b1 + 1; if n b1 n max b1 , go back to
Step 2;
Step 7: Set n b2 = n b2 + 1; if n b2 n max b2 , set n b1 = 1 and then go back to Step 2;
Step 8: Set n v1 = n v1 +1; if n v1 n max v1 , set n b1 = 1 and n b2 = 1 and then go back to Step 2;
Step 9: Set n v2 = n v2 +1; if n v2 n max v2 , set n v1 = 1; n b1 = 1; and n b2 = 1 and then go back to Step 2.
Numerical study
In order to demonstrate the solution procedure numerically, an inventory system of two complementary products is studied. Referring to the existing literature, relevant data are chosen and shown in Table 1 . When de ned parameters change, the changes in the optimal decision values are studied. Tables 2-4 show the computational results. To represent improvement in the total pro t, percentage improvement P I is de ned as 100 (T P T P 0 )=T P 0 , where T P 0 indicates the model pro t when the complementation rate is ignored. In other words, P I represents pro tability of the model with two complementary products in comparison with the case where two independent products are concerned. Figure 2 plots the function T P (q 1 ; q 2 ; n v1 ; n v2 ; n b1 ; n b2 ), where n v1 , n v2 , n b1 , and n b2 are optimal values.
Using the proposed model in Section 3, the e ect of complementation rate is studied. Table 2 shows that the complementation rate has signi cant e ect on the total pro t. To analyze the e ect of sensitivity of each product to inventory level of the other product, b 3 , three levels for parameters, b 1 and b 2 , and nine levels for parameter b 3 are de ned. Table 2 when the sensitivity of each product to stock level of its complementary product b 3 increases, the quantity of batch transferred from the warehouse to the shelf of both products q i increases. Furthermore, as b 3 increases, the number of transferring lots from buyer's warehouse to shelf of both products n bi decreases. Hence, when complementation rate of two products is great, the buyer can take advantage of the economy of scale. It is obvious from Table 2 and Figure 3 that with increasing complementary rate, the demand of product 1 is always greater than that of product 2. This is due to the fact that demand of product 1 is more sensitive to its stock level than that of product 2 is, i.e., b 1 > b 2 . Moreover, as complementation rate increases, the demand of both products increases, because there is positive relation between demand of a product and stock level of its complementary product. Hence, when the complementation rate increases, as a customer buys one product, he is more likely to buy its complementary product. In other words, ignoring the complementation between two products leads to the loss of some customers. Furthermore, Table 2 shows that as sensitivity of both products to their own stock levels b i increases, quantity transferred to the shelf q i increases and the number of lots transferred from buyer's warehouse to the shelf n bi decreases. Increase in b i and q i leads to increase in D i . This is due to the fact that each product positively depends on its inventory level. Furthermore, increment of b i leads to increase in the total pro t. It is obvious from Figure 4 that as complementation rate increases, the value of percentage improvement PI increases. Moreover, as sensitivity of each product to its stock level b i increases, PI increases. Thus, the pro t of selling both products on one retailer shelf is more than the pro t of selling them in two di erent retailer stores separately. Furthermore, studying complementary products is more pro table when the items are more sensitive to their stock.
It is obvious from Table 3 and Figure 5 that as sensitivity of product 1 to its stock level b 1 increases, q 1 increases up to b 1 > 0:26, where capacity constraint of the rst product is activated, and after that, by increasing b 1 , q 2 is almost constant. Increase in quantity transferred from buyer's warehouse to the shelf causes higher demand; hence, the pro t increases. When b 1 < 0:18, the transferred quantity of product 1, q 1 , is smaller than that of product 2, q 2 , because sensitivity of product 1 to its stock level is smaller than that of product 2 (b 1 < b 2 ). Given that product 1 and product 2 are complementary, when b 1 increases, demand of both products increases; however, since complementation rate is small, the increased value is small. Table 3 indicates that demand of product 1 is always more than that of product 2 although the sensitivity of product 1 to its stock level is less than that of product 2 when b 1 < 0:16. Table 4 shows that when the price of the rst product increases, the transferred quantity of both products increases and their number of transfers decreases. When the ratio of u 1 =u 2 is smaller than 1.2, although b 1 is greater than b 2 , the transferred quantity of product 2 is more than that of product 1. For u 1 =u 2 > 1:2, q 1 signi cantly increases until the capacity constraint of product 1 is activated. In this case, increase in q 1 is considerably greater than in q 2 . Furthermore, as the quantity transferred to the shelf for both products increases, their demand increases. Hence, increase in u 1 leads to increase in total pro t. Thus, study of complementary products with stockdependent demand is more pro table when the items are expensive.
As noted earlier, the following managerial insights can be gained from this paper. Increasing the degree of complementation between two products leads to decrease in the number of transferring batches and increase in transferring size in both vendor and buyer levels. This fact leads to lower supply chain cost. In the other words, considering complementary products helps the supply chain components to bene t from the economy of scale. Moreover, displaying complementary products simultaneously on one shelf motivates a buyer, who wants to buy one product, to buy some other products as well. As a result, ignoring complementary relation between products causes decrease in the demand and loss of some customers. Therefore, considering the relation between complementary products makes increase in the total pro t. This study also shows that when items are more sensitive to stock level, selling of complementary products on one retailer shelf leads to more gain. When the sensitivity of one product to its stock level is high, not only the demand of this product, but also the demand of other products increases. Hence, considering the relation between complementary products is more crucial when their demand is sensitive to stock.
Conclusions
This paper proposed an integrated model for a twostage supply chain under vendor-managed inventory with consignment stock agreement. The contribution of this paper to the existing literature of consignment stocking policy was considering complementary products. Two complementary products were studied and the demand for each product was in uenced not only by its stock level, but also by stock level of the other product. Both of the products were delivered from a vendor to the buyer in equal sizes. The buyer stocked items in the warehouse and on the shelf. Joint total pro t of the vendor and the buyer was maximized. A solution algorithm was proposed to nd the optimal transferred quantities and numbers of shipments for both products.
Numerical results showed that increase in sensitivity of each product to inventory level of its complementary product would cause increase in the quantity of transfers and decrease in the number of shipments. Hence, the supply chain components could bene t from advantages of the economy of scale. Furthermore, considering complementary products could motivate customers to buy more and lead to greater demand. Thus, increase in complementation rate led to increase in total system pro t. The paper also studied the e ect of sensitivity of each product to its stock level. The results indicated that when the sensitivity of one product to its inventory level increased, the transferred quantity of both products and, consequently, their demand increased. Analyzing the price of complementary products showed that as the price of one product increased, the demand of both products and the total pro t increased. Thus, study of complementary products can be more pro table when the items are expensive.
The current paper can be extended in the several directions. The proposed model considered two products. It can be extended to any number of products with di erent complementation rates. Study of substitutable products is another possible extension. The proposed model can also be developed for deteriorating items and other demand functions, e.g., stock-and price-sensitive demands and stochastic demand. Furthermore, multi-vendor multi-buyer is recommended as another topic for future research.
36 (10) Appendix A Table A .1 shows that the percentage error of applying Maclaurin series is small. Therefore, the third term and higher terms can be neglected. 
